Abstract. We study the geometry of metrics and convexity structures on the space of phylogenetic trees, which is here realized as the tropical linear space of all ultrametrics. The CAT(0)-metric of Billera-Holmes-Vogtman arises from the theory of orthant spaces. While its geodesics can be computed by the Owen-Provan algorithm, geodesic triangles are complicated. We show that the dimension of such a triangle can be arbitrarily high. Tropical convexity and the tropical metric behave better. They exhibit properties desirable for geometric statistics, such as geodesics of small depth.
The set of all such metrics is a full-dimensional closed polyhedral cone, known as the metric cone, in the space R ( 
/R1 is denoted U m and called the space of ultrametrics. It is known in tropical geometry [5, 19] and in phylogenetics [14, 26] that U m is the support of a pointed simplicial fan of dimension m − 2. That fan has 2 m −m−2 rays, namely the clade metrics D σ . A clade σ is a proper subset of [m] with at least two elements, and D σ is the ultrametric whose ij-th entry is 0 if i, j ∈ σ and 1 otherwise. Each cone in that fan structure consists of all ultrametrics whose tree has a fixed topology. We encode each topology by a nested set [11] , i.e. a set of clades {σ 1 , σ 2 , . . . , σ d } such that (2) σ i ⊂ σ j or σ j ⊂ σ i or σ i ∩ σ j = ∅ for all 1 ≤ i < j ≤ d. There are other meaningful fan structures, classified by the building sets in [11] . An important one is the τ -space of [14, §2] , known to combinatorialists as the order complex of the partition lattice [5] . The aim of this paper is to compare different geometric structures on U m , and to explore statistical issues. The first geometric structure is the metric proposed by Billera, Holmes and Vogtman in [7] . In their setting, each cone is right-angled. The BHV metric is the unique metric on U m that restricts to the usual Euclidean distance on each such right-angled cone. For this to be well-defined, we must fix a simplicial fan structure on U m . This issue is subtle, as explained by Gavruskin and Drummond in [14] . The BHV metric has the CAT(0)-property [7, §4.2] . This implies that between any two points there is a unique geodesic.
Owen and Provan [23] proved that these geodesics can be computed in polynomial time. In Section 2, we present a detailed review and analysis. This is done in the setting of orthant spaces F Ω associated with flag simplicial complexes Ω.
In Section 3 we study geodesically closed subsets of an orthant space F Ω , with primary focus on geodesic triangles. Problem 8 asks whether these are always closed. Our main result, Theorem 13, states that the dimension of a geodesic triangle can be arbitrarily large. The same is concluded for the tree space U m in Corollary 14. For experts in phylogenetics, we note that our results are not restricted to equidistant trees. They extend naturally to the more familiar BHV space for all rooted trees.
Tropical geometry [19] furnishes an alternative geometric structure on U m , via the graphic matroid of the complete graph [19, Example 4.2.14] . More generally, for any matroid M , the tropical linear space Trop(M ) is tropically convex by [19, Proposition 5.2.8] , and it is a metric space with the tropical distance to be defined in (14) . Tropical geodesics are not unique, but tropically convex sets have desirable properties. In particular, triangles are always 2-dimensional.
Section 5 offers an experimental study of Euclidean geodesics and tropical segments. The latter are better than the former with regard to depth, i.e. the largest codimension of cones traversed. This is motivated by the issue of stickiness in geometric statistics [16, 20] . Section 6 advocates tropical geometry for statistical applications. Starting from Nye's principal component analysis in [22] , we propose two basic tools for future data analyses: computation of tropical centroids, and nearest-point projection onto tropical linear spaces.
In a statistical context, it can be advantageous to replace U m by a compact subspace. We define compact tree space U [1] m to be the image in U m of the set of ultrametrics D = (d ij ) that satisfy max ij {d ij } = 1. This is a polyhedral complex consisting of one convex polytope for each nested set {σ 1 , σ 2 , . . . , σ d }. In the notation of (7), this polytope consists of all (ℓ 1 , ℓ 2 , . .
In phylogenetics, these are equidistant trees of height 1 2 with a fixed tree topology. For instance, U [1] 4 is a polyhedral surface, consisting of 12 triangles and 3 squares, glued along 10 edges.
2. Orthant Spaces. In order to understand the geometry of tree spaces, we work in the more general setting of globally nonpositively curved (NPC) spaces. This was suggested by Miller, Owen and Provan in [21, §6] . We follow their set-up.
Consider a simplicial complex Ω on the ground set [n] = {1, 2, . . . , n}. We say that Ω is a flag complex if all its minimal non-faces have two elements. Equivalently, a flag complex is determined by its edges: a subset σ of [n] is in Ω if and only if {i, j} ∈ Ω for all i, j ∈ σ. Every simplicial complex Ω on [n] determines a simplicial fan F Ω in R n . The cones in F Ω are the orthants O σ = pos{e i : i ∈ σ} where σ ∈ Ω. Here {e 1 , e 2 , . . . , e n } is the standard basis of R n . We say that F Ω is an orthant space if the underlying simplicial complex Ω is flag. The support of the fan F Ω is turned into a metric space by fixing the usual Euclidean distance on each orthant. A path of minimal length between two points is called a geodesic.
Proposition 1. Let F Ω be an orthant space. For any two points v and w in F Ω there exists a unique geodesic between v and w. This geodesic is denoted G(v, w).
The uniqueness of geodesics is attributed to Gromov. We refer to [4, Theorem 2.12] and [21, Lemma 6.2] for expositions and applications of this important result. The main point is that orthant spaces, with their Euclidean metric as above, satisfy the CAT(0) property, provided Ω is flag. This property states that chords in triangles are no longer than the corresponding chords in Euclidean triangles. The metric spaces F Ω coming from flag complexes Ω are called global NPC orthant spaces in [21] . For simplicity we here use the term orthant space for F Ω .
Example 2. Let n = 3 and Ω = {12, 23, 31}, i.e. the 3-cycle. The fan F Ω is the boundary of the nonnegative orthant in R 3 . This is not an orthant space because Ω is not flag. Some geodesics in F Ω are not unique: the points v = (1, 0, 0) and w = (0, 1, 1) have distance √ 5, and there are two geodesics: one passing through (0, 1 2 , 0) and the other passing through (0, 0, 1 2 ). By contrast, let n = 4 and Ω = {12, 23, 34, 41}, i.e. the 4-cycle. Then F Ω is a 2-dimensional orthant space in R 4 . The Euclidean geodesics on that surface are unique.
The problem of computing the unique geodesics was solved by Owen and Provan in [23] . In [23] , the focus was on tree space of Billera-Holmes-Vogtman [7] . It was argued in [21, Corollary 6.19 ] that the result extends to arbitrary orthant spaces. Owen and Provan gave a polynomial-time algorithm whose input consists of two points v and w in F Ω and whose output is the geodesic G(v, w). We shall now describe their method.
Let σ be a simplex in a flag complex Ω, with corresponding orthant O σ in F Ω . Consider a point v = i∈σ v i e i in O σ and any face τ of σ. We write v τ = i∈τ v i e i for the projection of v into O τ . Its Euclidean length ||v τ || = i∈τ v 2 i 1/2 is called the projection length. We now assume that Ω is pure (d − 1)-dimensional, i.e. all maximal simplices in Ω have the same dimension d − 1. This means that all maximal orthants in F Ω have dimension d. Consider two general points v and w in the interiors of fulldimensional orthants O σ and O τ of F Ω respectively. We also assume that σ ∩ τ = ∅. Combinatorially, the geodesic G(v, w) is then encoded by a pair (A, B) where A = (A 1 , . . . , A q ) is an ordered partition of σ = {σ 1 , . . . , σ d } and B = (B 1 , . . . , B q ) is an ordered partition of τ = {τ 1 , . . . , τ d }. These two partitions have the same number q of parts, and they satisfy the following three properties:
(P1) for all pairs i > j, the set A i ∪ B j is a simplex in Ω.
The following result is due to Owen and Provan [23] . They proved it for the case of BHV tree space. The general result is stated in [21, Corollary 6.19] .
Theorem 3 (Owen-Provan). Given points v, w ∈ F Ω satisfying the hypotheses above, there exists a unique ordered pair of partitions (A, B) satisfying (P1), (P2), (P3). The geodesic is a sequence of q + 1 line segments,
Its length equals
In particular, (A, B) is the unique pair of ordered partitions that minimizes (3) . The breakpoint u i lives in the orthant of F Ω that is indexed by
coordinates of the breakpoints are computed recursively by the formulas
Computing the geodesic between v and w in the orthant space F Ω means identifying the optimal pair (A, B) among all pairs. This is a combinatorial optimization problem. Owen and Provan [23] gave a polynomial-time algorithm for solving this.
We implemented this algorithm in Maple. Our code works for any flag simplicial complex Ω and for any points v and w in the orthant space F Ω , regardless of whether they satisfy the hypotheses of Theorem 3. The underlying geometry is as follows: (4) , (5), (6) . (3) Now, the length of the geodesic G(v, w) is equal to
Proof. This is an extension of the discussion for BHV tree space in [23, §4] . Our primary object of interest is the space of ultrametrics U m . We shall explain its metric structure as an orthant space. It is crucial to note that this structure is not unique. Indeed, any polyhedral fan Σ in R d can be refined to a simplicial fan with n rays whose underlying simplicial complex Ω is flag. That fan still lives in R d , whereas the orthant space F Ω lives in R n . There is a canonical piecewise-linear isomorphism between F Ω and the support |Σ|, and the Euclidean metric on the former induces the metric on the latter. The resulting metric on |Σ| depends on the choice of simplicial subdivision. A different Ω gives a different metric. 
where {σ 1 , . . . , σ d } ∈ Ω and ℓ 1 , . . . , ℓ d ≥ 0. The coefficient ℓ i is twice the length of the edge labeled σ i in the tree given by D. It can be recovered from D by the formula
The maximal nested sets have cardinality m−2, so this is the dimension of the orthant space F Ω . The number of maximal nested sets is (2m
For instance, Fig. 1 shows that U 4 is consists of 15 two-dimensional cones and 10 rays. Example 6. The equidistant tree in Fig. 2 corresponds to the ultrametric
The clade metrics for the two internal edges are 4 discussed in Example 6.
The formula (8) gives ℓ 1 = ℓ 2 = 1/3. Since all vectors live in R 6 modulo R1, we have
But, the orthant space that endows U 4 with its metric lives in R 10 , and not in R 6 /R1. We close this section by reiterating this extremely important remark. In Section 1 we introduced the set U m of ultrametrics as a subset of a low-dimensional ambient space, having dimension m 2 − 1. In Section 2 we elevated U m to live in a high-dimensional ambient space, having dimension 2 m − m − 2. It is only the latter realization, as an orthant space, that is used when we compute Euclidean distances. In other words, when we compute geodesics in the BHV metric on tree space, we use the coordinates ℓ 1 , . . . , ℓ d . These are local coordinates on the right-angled cones. The coordinates d 12 , . . . , d (m−1)m are never to be used for computing BHV geodesics.
3. Geodesic Triangles. Biologists are interested in BHV tree space as a statistical tool for studying evolution. The geometric structures in [7, 21] are motivated by applications such as [22] . This requires a notion of convexity.
We fix a flag simplicial complex Ω on [n]. The orthant space F Ω ⊂ R n with its intrinsic Euclidean metric has unique geodesics G(v, w) as in Theorems 3 and 4. A subset T of F Ω is called geodesically convex if, for any two points v, w ∈ T , the unique geodesic G(v, w) is contained in T .
Given a subset S of F Ω , its geodesic convex hull gconv(S) is the smallest geodesically convex set in F Ω that contains S. If S = {v 1 , v 2 , . . . , v s } is a finite set then we say that gconv(S) is a geodesic polytope. If s = 2 then we recover the geodesic segment gconv(
The main point of this section is to demonstrate that geodesic triangles are rather complicated objects.
We begin with an iterative scheme for computing geodesic polytopes. Let S be any subset of F Ω . Then we can form the union of all geodesics with endpoints in S:
For any integer t ≥ 1, define g t (S) recursively as g t (S) = g(g t−1 (S)), with g 0 (S) = S. Lemma 7. Let S be a set of points in F Ω . Then its geodesic convex hull equals
In words, the geodesic convex hull of S is the set of all points in F Ω that can be generated in finitely many steps from S by taking geodesic segments. Proof. If T is a subset of gconv(S) then g(T ) ⊆ gconv(S). By induction on t, we see that g t (S) ⊆ gconv(S) for all t ∈ N. Therefore,
On the other hand, for any two points v, w ∈ ∞ t=0 g t (S), there exist positive integers t 1 , t 2 such that v ∈ g t1 (S) and w ∈ g t2 (S). The geodesic path
. So, this set is geodesically convex, and we conclude that it equals gconv(S).
Lemma 7 gives a numerical method for approximating geodesic polytopes by iterating the computation of geodesics. However, it is not clear whether this process converges. The analogue for negatively curved continuous spaces arises in [13 If T is a geodesically convex subset of F Ω then its restriction T σ = T ∩ O σ to any orthant is a convex set in the usual sense. If Problem 8 has an affirmative answer then one might further conjecture that each geodesic polytope T is a polyhedral complex with cells T σ . This holds in the examples we computed, but the matter is quite subtle. The segments of the pairwise geodesics need not be part of the complex {T σ }, as the following example shows.
Example 9. Consider a 2-dimensional orthant space that is locally an open book [16] with three pages. We pick three points a, b, c on these pages as shown in Fig. 3 and 5. The pairwise geodesics G(a, b), G(a, c) and G(b, c) determine a set that is not a polyhedral complex unless one triangle is subdivided. That set, shown on the left in Fig. 3 , is not geodesically convex. We must enlarge it to get the geodesic triangle gconv(a, b, c), shown on the right in Fig. 3 . It consists of three classical triangles, one in each page of the book. Note that the geodesic from a to c travels through the interiors of two classical triangles.
We next present a sufficient condition for a set T to be geodesically convex. We regard each orthant O σ ≃ R d ≥0 as a poset by taking the component-wise partial order. Theorem 10. Let T be a subset of an orthant space F Ω such that, for each simplex σ ∈ Ω, the restriction T σ is both convex and an order ideal in
. In order to prove G(v, w) ⊂ T , it suffices to show u i ∈ T for all i, since the restriction of T to each orthant is convex. We first prove u 1 ∈ T by constructing a point u * ∈ T σ such that u 1 ≤ u * . We let
Since the restriction of T to each orthant is an order ideal, we know v σ\Ai ≤ v ∈ T σ . We also have w σ∩τ ≤ w ∈ T τ ⊂ T and hence w σ∩τ ∈ T σ . Thus, u * ∈ T σ since T σ is convex. By formula (5), u * By formula (4), u *
Corollary 11. The compact tree space U [1] m is geodesically convex. Proof. If T = U [1] m then T σ is a subpolytope of the cube [0, 1] d , with coordinates ℓ 1 , . . . , ℓ d as in the end of Section 1. The polytope T σ is an order ideal because decreasing the edge lengths in a phylogenetic tree can only decrease the distances between pairs of leaves.
The sufficient condition in Theorem 10 is far from necessary. It is generally hard to verify that a set T is geodesically convex, even if {T σ } σ∈Ω is a polyhedral complex.
Example 12 (A Geodesic Triangle). Let Ω be the 2-dimensional flag complex with facets 123, 234, 345 and 456. We consider eight points in the 3-dimensional orthant space F Ω ⊂ R 6 : The geodesic triangle T = gconv(a, b, c) is a 3-dimensional polyhedral complex. Its maximal cells are three tetrahedra T 123 = conv{a, b, h, o}, T 345 = conv{d, e, f, o}, T 456 = conv{c, e, f, o}, and one bipyramid T 234 = conv{b, d, f, h, o}. These four 3-polytopes are attached along the triangles T 23 = conv{b, h, o}, T 34 = conv{d, f, o}, and T 45 = conv{e, f, o}.
Verifying this example amounts to a non-trivial computation. We first check that d, e, f, h, o are in the geodesic convex hull of a, b, c. This is done by computing geodesic segments as in Section 2. We find 
. Now, we need to show that the union of the four 3-polytopes is geodesically convex. For any two points v and w from distinct polytopes we must show that G(v, w) remains in that union. Here, it does not suffice to take vertices. This is a quantifier elimination problem in piecewise-linear algebra, and we are proud to report that we completed this computation.
The following theorem is the main result in this section. Proof. Fix the simplicial complex Ω on the vertex set {1, 2, . . . , 4d} whose 2d + 1 facets are {i + 1, i + 2, . . . , i + 2d} for i = 0, 1, . . . , 2d. This simplicial complex is flag because the minimal non-faces are the 2d+1 2 pairs {i, j} for j − i ≥ 2d. The corresponding orthant space F Ω has dimension 2d. We here denote the maximal orthants in F Ω by O i = pos{e i+1 , e i+2 , . . . , e i+2d }.
For each positive integer i, we define an integer v i as follows. We set
if i is odd. We fix the points a = 
.).
Consider the geodesic triangle gconv(a, b, c) in the orthant space F Ω . We shall construct a simplex P of dimension d that is contained in the convex set gconv(a, b, c)∩O 0 .
We begin with the geodesic segment G(a, c). The pair of ordered partitions is
We write the corresponding decompositions into classical line segments as follows:
Each u i , for 1 ≤ i ≤ d, lies in the relative interior of an orthant of dimension 2d − 2:
We now consider the geodesic segments G(b, u i ) for i = 1, 2, . . . , d. Let u i denote the unique intersection point of these geodesic segments with the boundary of O 0 . Note that
. By construction, they are also contained in the geodesic triangle gconv(a, b, c). We shall prove that they are affinely independent.
The above point u i can be written as 
To prove the above claim, it suffices to verify that the proposed u i satisfy
In fact, by (3) we have
The sum of these d quantities simplifies to 1 − 1 5d+1
By adding this to the previous sum, we obtain , c) . So, the claim is proved. Next, we compute (5) and (10) . For 2i − 1 ≤ k ≤ 2d, we compute u i k by (6) and (11). Then we obtain u i k as follows:
The d+1 points u 0 = a, u 1 , . . . , u d are contained in O 0 ≃ R 2d also in our geodesic triangle. To complete the proof of Theorem 13, we will now show that they are affinely independent, so their convex hull is a d-simplex. Consider the (d+ 1)× (2d+ 1) matrix U , whose (i + 1)-th row is the vector of homogeneous coordinates of u i . We must show that U has rank d + 1. Let U ′ be the integer matrix obtained from U by multiplying each row by the denominator 10i − 4. Let U ′′ be the (d + 1) × (d + 1) submatrix of U ′ formed by the 2, 4, . . . , 2d-th and (2d+1)-th columns of U ′ . We apply elementary column operators to U ′′ to obtain a triangular form. From this, we find that | det(U ′′ 
This matrix has rank 6, so its columns form a 5-simplex. Hence, the geodesic triangle spanned by the points a, b, c in the orthant space F Ω has dimension at least 5. A nice feature of the construction above is that it extends to BHV tree space. The geodesic convex hull of three equidistant trees can have arbitrarily high dimension. In this sequence of 4d clades, every collection of 2d consecutive splits is compatible and forms a trivalent caterpillar tree. No other pair is compatible. Hence the induced subfan of the tree space U 2d+2 is identical to the orthant space F Ω in the proof above. The two spaces are isometric. Hence our high-dimensional geodesic triangle exists also in tree space U 2d+2 .
4. Tropical Convexity. In this section we shift gears, by turning to tropical convexity. We shall assume that the reader is familiar with basics of tropical geometry [19] . We here use the max-plus algebra, so our convention is opposite to that of [19, 24] . The connection between phylogenetic trees and tropical lines, identifying tree space with a tropical Grassmannian, has been explained in many sources, including [19, edges. This is the (m − 1)-dimensional subspace of R e defined by the linear equations
The tropicalization of the linear space L m is the set of points D = (d ij ) such that the following maximum is attained at least twice for all triples i, j, k: 
We briefly recall some basics from tropical convexity [19, §5.2] . A tropical segment is the tropical convex hull tconv(u, v) of two points u = (u 1 ,u 2 , . . . ,u e ) and v = (v 1 ,v 2 , . . . ,v e ) in R e /R1. It is the concatenation of at most e−1 ordinary line segments, with slopes in {0, 1}
e . Computing that segment involves sorting the coordinates of u − v, so it is done in time O(e · log(e)). This algorithm is described in the proof of [19, Proposition 5.2.5] .
A tropical polytope P = tconv(S) is the tropical convex hull of a finite set S in R e /R1. This is a classical polyhedral complex of dimension at most |S| − . This is the tropical convex hull of the 10 points in the plane R 3 /R1 represented by the column vectors. Its type decomposition is a 2-dimensional polyhedral complex with 23 nodes, 35 edges and 13 two-dimensional cells. It is shown in Fig. 4 . We can also regard tconv(D) as a tropical triangle in R 10 /R1, namely as the tropical convex hull of the row vectors. The three rows of D are ultrametrics (2) and D (3) , respectively. Each of the 23 nodes in our tropical triangle represents an equidistant tree. In Table 1 we list the 23 ultrametrics, along with their tree topologies. Those marked with a bullet • are the rows of D. The boundary of tconv(D) is given by the first 19 rows, in counterclockwise order. Rows 1 to 6 form the tropical segment from D (1) to D (2) , rows 7 to 12 form the tropical segment from D (2) to D (3) , and rows 13 to 19 form the tropical segment from D (3) to D (1) . The last four rows are the interior nodes, from top to bottom in Fig. 4 . The tropical segment from D (2) to D (3) has depth 1, but the other two segments have depth 2. See Section 5 for the definition of "depth". Note that some of the breakpoints, such as that given in row 6, lie in the interior of a maximal cone in the tree space U 5 = Trop(L 5 ). The red circle in Fig. 4 is the tropical centroid, a concept to be introduced in Section 6.
The polyhedral geometry package Polymake [15] can compute the tropical convex hull of a finite set of points. It can also visualize such a tropical polytope, with its cell complex structure, provided its dimension is 2 or 3. Fig. 4 was drawn using Polymake. It is induced from the ambient space R e /R1, so it does not rely on choosing a subdivision or local coordinates.
We can also define the structure of an orthant space on Trop(M ). This requires the choice of a simplicial fan structure on Trop(M ). Feichtner [11] [14] . The subdivision of U m given by the nested sets of clades is much coarser. It has only n = 2 m −m−2 rays, and its orthant space gives the BHV metric. This is different from the τ -metric, by [14, Proposition 2] . Note that [14, Figure 4 ] is the same as our Example 5.
Each orthant space structure defines a Euclidean metric on Trop(M ). These metrics differ dramatically from the tropical metric, to be defined next, in (14) . Euclidean metrics on Trop(M ) are intrinsic and do not extend to the ambient space R e /R1. Distances are computed by identifying Trop(M ) with the orthant space F Ω of a nested set complex Ω that is flag. On the other hand, the tropical metric is extrinsic. It lives on R e /R1 and is defined on Trop(M ) by restriction. The tropical distance between two points is computed as follows: segment tconv(v, w) .
Proof. If u is any point whose coordinates lie between those of v and w, then , w) . Hence, any path from v to w that is monotone in each coordinate is a geodesic. One such path is the tropical segment tconv(v, w) in the max-plus arithmetic.
One important link between the tropical metric and tropical convexity is the nearest-point map, to be described next. Let P be any tropically convex closed subset of R e /R1, and let u be any vector in R e . Let P ≤u denote the subset of all points in P that have a representative v ∈ R e with v ≤ u in the coordinate-wise order. In tropical arithmetic this is expressed as v ⊕ u = u. If v and v ′ are elements of P ≤u then so is their tropical sum v ⊕ v ′ . It follows that P ≤u contains a unique coordinate-wise maximal element, denoted max(P ≤u ).
Theorem 19. Given any tropically convex closed subset P of R e /R1, consider the function
Then π P (u) is the unique point in P that minimizes the tropical distance to u. This result was proved by Cohen, Gaubert and Quadrat in [10, Theorem 18] . See also [1] . In Section 6 we shall discuss the important case when P = Trop(M ) is a tropical linear space. The subcase when P is a tropical hyperplane appears in [1, §7] .
We close this section by considering a tropical polytope, tconv(D
The D (i) are points in R e /R1. For instance, they might be ultrametrics in U m . Then
This formula appears in [19, (5.2. 3)]. It allows us to easily project an ultrametric D (or any other point in R e ) onto the tropical convex hull of s given ultrametrics.
Experiments with Depth.
It is natural to compare tropical convexity with geodesic convexity. One starts by comparing the line segments gconv(v, w) and tconv(v, w), where v, w are points in a tropical linear space Trop(M ). Our first observation is that tropical segments generally do not obey the combinatorial structure imposed by ordered partitions (A, B) . This example suggests that tropical segments might be worse than Euclidean geodesics. However, as we shall now argue, the opposite is the case: for us, tropical segments are better. We propose the following quality measure for a path P in an orthant space F Ω . Suppose that F Ω has dimension d. Each point of P lies in the relative interior of a unique orthant O σ , and we say that this point has codimension d − dim(O σ ). We define the depth of a path P as the maximal codimension of any point in P . For instance, the depth of the Euclidean geodesic in Theorem 3 is the maximum of the numbers where i runs over {1, 2, . . . , q}. These are the codimensions of the breakpoints of gconv(v, w).
Geodesics of small depth are desirable. A cone path has depth d. Cone paths are bad from a statistical perspective because they give rise to sticky means, see e.g. [16] , [20] or [21, §5.3] . Optimal geodesics have depth 0. Such geodesics are line segments within a single orthant. These occur if and only if the starting point and target point are in the same orthant. If the two given points are not in the same orthant then the best-case scenario is depth 1, which means that each transition is through an orthant of codimension 1 in F Ω . We conducted two experiments, to assess the depths of gconv(v, w) and tconv(v, w).
Experiment 21 (Euclidean Geodesics). For each m ∈ {4, 5, . . . , 20}, we sampled 1000 pairs {v, w} from the compact tree space U [1] m , and for each pair we computed the depth of gconv(v, w). The sampling scheme is described below. The depths are integers between 0 and m − 2.
Algorithm 22 (Sampling normalized equidistant trees with m leaves). Input: The number m of leaves, and the sample size s. Output: A sample of s random equidistant trees in the compact tree space U
(a) Generate a tree D i using the function rcoal from the ape package [25] in R. Table 2 shows the distribution of the depths. For instance, the first row concerns 1000 random geodesics on the 2-dimensional polyhedral fan U 4 depicted in Fig. 1 . Of these geodesics, 8.4% were in a single orthant, 58.4% had depth 1, and 33.2% were cone paths. For m = 20, the fraction of cone paths was 6.2%. The data in Table 2 are based on the sampling scheme in Algorithm 22.
Next we perform our experiment with the tropical line segments tconv(v, w). Experiment 23 (Tropical Segments). For each m ∈ {4, 5, . . . , 20}, we revisited the same 1000 pairs {v, w} from Experiment 21, and we computed their tropical segments tconv(v, w). Table 3 shows the distribution of their depths. There is a dramatic difference between Tables 2 and 3. The depths of the Euclidean geodesics are much larger than those of the tropical segments. Since small depth is desirable, this suggests that the tropical convexity structure may have good statistical properties.
Triangles show even more striking differences: While tropical triangles tconv(a, b, c) are 2-dimensional, geodesic triangles gconv(a, b, c) can have arbitrarily high dimension, by Theorem 13. In spite of these dimensional differences, tconv(a, b, c) is usually not contained in gconv(a, b, c). In particular, this is the case in the following example.
Example 24. Fix e = 4, r = 3 and let M be the matroid with bases 124, 134, 234. Table 2 was used. 6. Towards Tropical Statistics. Geometric statistics is concerned with the analysis of data sampled from highly non-Euclidean spaces [16, 20] . The section title above is meant to suggest the possibility that objects and methods from tropical geometry can play a role in this development. As an illustration consider the widely used technique of Principal Component Analysis (PCA). This serves to reduce the dimension of high-dimensional data sets, by projecting these onto lower-dimensional subspaces in the data space. The geometry of dimension reduction is essential in phylogenomics, where it can provide insight into relationships and evolutionary patterns of a diversity of organisms, from humans, plants and animals, to microbes and viruses.
To see how tropical convexity might come in, consider the work of Nye [22] in statistical phylogenetics. Nye developed PCA for BHV tree space. We identify tree space with U m and we sketch the basic ideas. Nye defined a line L in U m to be an unbounded path such that every bounded subpath is a BHV geodesic. Suppose that L is such a line, and u ∈ U m \L. Proposition 2.1 in [22] shows that L contains a unique point x that is closest to u in the BHV metric. We call x the projection of u onto the line L. Given u and L, we can compute x as follows. Fixing a base point L(0) on the line, one choses a geodesic parametrization L(t) of the line. This means that t is the distance d(L(0), L(t)). Also let k denote the distance from u to L(0). By the triangle inequality, the desired point is x = L(t * ) for some t
) is a continuous function of t. Our task is to find the value of t * which minimizes that function on the closed interval [−k, k]. This is done using numerical methods. The uniqueness of t * follows from the CAT(0) property. Suppose we are given a collection {v 1 , v 2 , . . . , v s } of tree metrics on m taxa. This is our data set for phylogenetic analysis. Nye's method computes a first principal line (regression line) for these data inside BHV space. This is done as follows. One first computes the centroid x 0 of the s given trees. This can be done using the iterative method in [7, Theorem 4.1] . Now, the desired regression line L is one of geodesics through x 0 . For any such line L, we can compute the projections x 1 , . . . , x s of the data points v 1 , . . . , v s . The goal is to find the line L that minimizes (or, maximizes) a certain objective function. Nye proposes two such functions:
The first function of L above can be minimized and the second function above can be maximized using an iterative numerical procedure. While the paper [22] In what follows we take first steps towards the introduction of tropical methods into geometric statistics. We study tropical centroids and projections onto tropical linear spaces.
In any metric space M, one can study two types of "centroids": one is the Fréchet mean and the other is the Fermat-Weber point. Given a finite sample {v 1 , v 2 , . . . , v s } of points in M, a Fréchet mean minimizes the sum of squared distances to the points. A Fermat-Weber point y minimizes the sum of distances to the given points. (16) y := arg min
Here we do not take the square. We note that y is generally not a unique point but refers to the set of all minimizers. Millar et.al. [21] We refer to the subsequent paper [18] for details, proofs, and further results on the topic discussed here. If M is a proper subset of R e /R1 then the computation of tropical centroids is highly dependent on the representation of M. For tropical linear spaces, M = Trop(M ), we must solve a linear program on each maximal cone. The question remains how to do this efficiently.
Example 26. Consider the rows of the 3×10-matrix in Example 16. We compute the tropical centroid of these three points in M = U 5 ⊂ R 10 /R1. To do this, we first compute the set of all tropical centroids in R 10 /R1. This is a 6-dimensional classical polytope, consisting of all optimal solutions to (17) . The intersection of that polytope with tree space U 5 equals the parallelogram 1, 1, 1, 1, . This is mapped to a single (red) point inside the tropical triangle in Fig. 4 .
Example 26 shows that tropical centroids of a finite set of points generally do not lie in the tropical convex hull of those points. For instance, the tropical centroid of {D (1) , D (2) , D (3) } that is obtained by setting x = y = 0 in the parallelogram above does not lie in tconv(D (1) , D (2) , D (3) ).
We now come to our second and last topic in this section, namely projecting onto subspaces. Let L w be a tropical linear space of dimension r − 1 in R e /R1. This concept is to be understood in the inclusive sense of [19, Definition 4.4.3] . The notation L w also comes from [19] . Hence w = (w σ ) is a vector in R ( r . Among the L w are the tropicalized linear spaces [19, Theorem 4.3.17] . Even more special are linear spaces spanned by r points; cf. [12] . If L w is spanned by x 1 , . . . , x r in R e /R1 then its Plücker coordinate w σ is the tropical determinant of the r × r-submatrix indexed by σ of the r × e-matrix X = (x 1 , . . . , x e ). Note that all tropical linear spaces L w are tropically convex.
We are interested in the nearest point map π Lw that takes a point u to the largest point in L w dominated by u, as seen in (15) . From [17, Theorem 15] we have:
Theorem 27 (The Blue Rule). The i-th coordinate of the point in L w nearest to u is equal to (18) π Lw (u) i = max τ min j ∈τ u j + w τ ∪i − w τ ∪j for i = 1, 2, . . . , e.
Here τ runs over all (r − 1)-subsets of [e] that do not contain i.
The special case of this theorem when L w has the form Trop(M ), for some rank r matroid M on [e], was proved by Ardila in [3, Theorem 1] . Matroids correspond to the case when each tropical Plücker coordinate w σ is either 0 or −∞. The application that motivated Ardila's study was the ultrametric tree space U m . Here the nearestpoint map computes the largest ultrametric dominated by a given dissimilarity map, a problem of importance in phylogenetics. An efficient algorithm for this problem was given by Chepoi and Fichet [9] . This was recently revisited by Apostolico et al. in [2] .
Example 28. Following Example 17, let M be the uniform matroid of rank r on [e]. Then Trop(M ) = L w where w is the all-zero vector, i.e. w σ = 0 for σ ∈
[e] r . By (18) , the i-th coordinate of the nearest point π Lw (u) equals max τ min j ∈τ u j . That nearest point is obtained from u by replacing the e − r largest coordinates in u by the r-th smallest coordinate.
Returning to ideas for geometric statistics, the Blue Rule may serve as a subroutine for the numerical computation of regression planes. Let u 1 , . . . , u s be data points in R e /R1, lying in a tropically convex subset P of interest, such as P = U m . The tropical regression plane of dimension r − 1 is a solution to the optimization problem (19) arg min
Here w runs over all points in the Dressian Dr(r, e), or in the tropical Grassmannian Gr(r, e). One might restrict to Stiefel tropical linear spaces [12] , i.e. those that are spanned by points. Even the smallest case r = 2 is of considerable interest, as seen in the study of Nye [22] . In his approach, we would first compute the tropical centroid inside P of the sample {u 1 , u 2 , . . . , u s }. Fix x 1 to be that centroid. Now x 2 ∈ P is the remaining decision variable, and we optimize over all tropical lines spanned by x 1 and x 2 inside R e /R1. Such a line is a tree with e unbounded rays. If the ambient tropically convex set P is a tropical linear space, such as our tree space U m , then the regression tree L w will always be contained inside P. 
